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Abstract: The use of vibro-impact (VI) attachments as shock absorbers is studied. By considering
different configurations of primary linear oscillators with VI attachments, the capacity of these
attachments to passively absorb and dissipate significant portions of shock energy applied to
the primary systems is investigated. Parametric studies are performed to determine the depen-
dence of energy dissipation by the VI attachment in terms of its parameters. Moreover, non-linear
shock spectra are used to demonstrate that appropriately designed VI attachments can signifi-
cantly reduce the maximum levels of vibration of primary systems over wide frequency ranges.
This is in contrast to the classical linear vibration absorber, whose action is narrowband. In
addition, it is shown that VI attachments can significantly reduce or even completely eliminate
resonances appearing in the linear shock spectra, thus providing strong, robust, and broadband
shock protection to the primary structures to which they are attached.
Keywords: vibro-impact oscillators, shock isolation
1 INTRODUCTION
In recent works, interesting energy exchange pheno-
mena in coupled oscillators have been reported,
including countable infinities of co-existing branches
of fundamental, subharmonic, and superharmonic
periodic solutions [1] and one-way, irreversible trans-
fer of energy from linear oscillators to non-linear
attachment, termed targeted energy transfer (TET).
TETs are due to transient or sustained resonance cap-
tures [1, 2], whereby the essentially non-linear attach-
ment engages in transient resonance with the linear
oscillator, before the dynamics ‘escape’ to different
regimes of the motion [3, 4].
The regular and chaotic dynamics and bifurcations
of vibro-impact (VI) oscillators have been studied
extensively in the literature [5–9]. In an additional
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series of articles [10–17], VI dampers were considered
to reduce the vibration levels of structures under
periodic or stochastic excitation. In other works,
VI devices have been applied to the problem of
shock/seismic mitigation [18–20] and TET from struc-
tures to attached VI oscillators has been studied. In
these words, it was shown that VI attachments are
capable of absorbing broadband energy from a linear
system at a fast time scale; this is critical in appli-
cations in which energy dissipation must occur at
the initial phase of the motion where the energy is
the highest. In the present work, the capacity of VI
oscillators to passively absorb and dissipate shock
energy from linear systems possessing single or more
degrees-of-freedom (DOFs) is studied in detail. This
is performed by parametric studies of passive energy
dissipation by VI attachments and by examination of
appropriately defined non-linear shock spectra. It is
shown that the addition of VI oscillators with even
small clearances can drastically affect the dynamics
of the systems to which they are attached. This can
be interpreted by the fact that VIs represent strongly
non-linear, broadband perturbations of a system that
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can affect the global dynamics of a system over wide
frequency ranges.
2 SINGLE-DOFOSCILLATORSWITHVI
ATTACHMENTS
Consider the system depicted in Fig. 1 consisting of a
linear single-DOF oscillator of mass m coupled to an
attachment with non-smooth, VI non-linearity. Apart
from the weak coupling stiffness k1, the non-linear
attachment undergoes two-sided inelastic impacts
when it reaches the left and right limits of the clearance
2e. It is assumed that the linear oscillator is forced by
a half-sine shock f (t) of strength A and duration T
f (t) =
⎧⎪⎨
⎪⎩
A sin
2πt
T
, 0  t  T
2
0, t  T
2
(1)
and that the integrated two-DOF system possesses
zero initial conditions. The system possesses two
viscous dampers with characteristics c and c1, with
additional passive energy dissipation resulting from
the inelastic collisions of the attachment mass ε. The
authors model inelastic impacts by introducing the
coefficient of restitution, rc, defined by the relation
rc = − x˙
+
1 − x˙+2
x˙−1 − x˙−2
(2)
where the superscripts (−) and (+) refer to velocities
before and after the impact, respectively. Clearly, the
coefficient of restitution assumes values in the range
0 < rc < 1, with unity corresponding to perfectly elas-
tic and zero to purely plastic impacts. Although the
coefficient of restitution depends on the composition
of the impacting bodies and surfaces and on the mag-
nitudes of the velocities of the bodies during impact,
in this study, it is assumed to remain constant during
each individual numerical simulation.
For sufficiently large clearances, no VIs can occur,
and the system becomes linear (in effect, a linear
oscillation with a classical linear vibration absorber
is obtained). It follows that by increasing the clearance
Fig. 1 Single-DOF oscillator with VI attachment
to sufficiently large values, it is possible to compare
the dynamics of the linear and VI systems, and, hence,
assess the effects of VIs on the transient dynamics and
on shock isolation.
The authors wish to study TETs from the directly
forced linear oscillator to the VI attachment, leading
to passive shock isolation of the linear oscillator. Even-
though the VI system under consideration is strongly
non-linear, still in time intervals between impacts it
behaves purely linearly. Indeed, at time windows when
no VIs occur, the non-dimensionalized equations of
motion of the system are given by
x¨1 + ω2nx1 + λx˙1 − λ1(x˙2 − x˙1) − 2(x2 − x1) = F (t)
(3a)
ε x¨2 + 2(x2 − x1) + λ1(x˙2 − x˙1) = 0 (3b)
where ω2n = k/m, 2 = k1/m, λ = c/m, λ1 = c1/m,
ε = μ/m, and F (t) = f (t)/m.
This linear system of equations is numerically inte-
grated until the condition of impact, |x2 − x1| = e, is
realized; at that time instant, continuity of displace-
ments and discontinuity of velocities are imposed,
according to the following formulas
x˙+1 =
x˙−1 (1 − ε rc) + ε x˙−2 (rc + 1)
1 + ε ,
x˙+2 =
x˙−1 (1 + rc) + x˙−2 (ε − rc)
1 + ε (4)
and system (3a) and (b) is numerically integrated sub-
ject to the new initial conditions following the impact
and until the impact condition is met again. It fol-
lows that precise computation of the time instants at
which VIs occur is crucial for the correct numerical
integration of the transient dynamics.
The transient dynamics of the integrated two-DOF
system is simulated utilizing a Matlab code that com-
putes precisely the time instants where impacts occur.
It is emphasized that this class of VI dynamical prob-
lems is especially challenging from the analysis and
from the computational point of view, as the time
instants where the VIs occur are determined by the
solution itself, so they cannot be determined a priori,
e.g. before solving the problem. Moreover, the essen-
tial (strong) non-linearity of the system is generated
precisely at these time instants (due to the impul-
sive excitations applied to the integrated system), and
in addition, at exactly these time instants, significant
portions of energy are dissipated because of inelas-
tic collisions between the attachment mass μ and the
mass of the linear oscillator m (due to the fact that rc
< 1). It follows that in order to computationally model
this class of problems correctly one must pay spe-
cial attention to accurately compute the time instants
when the VIs occur, as well as the energy dissipated
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during each impact. In addition, the accuracy of the
transient computation is evaluated by checking that
at each time instant of the simulation, the total initial
energy of the system (provided by the external shock)
is the sum of instantaneous kinetic and potential ener-
gies of the system, as well as the energy dissipated up
to that time instant (by the two viscous dampers and
the inelastic VIs occurred thus far).
The efficiency of the VI attachment to passively
absorb and locally dissipate shock energy from the lin-
ear oscillator (which from now on will be designated
as the ‘primary system’) is evaluated by comput-
ing an energy measure. Specifically, the portion of
input shock energy that is eventually dissipated by
the viscous damper with characteristic c1 and due
to the inelastic VIs is calculated. This is performed
by computing the following energy dissipation mea-
sure (EDM)
ηt1 = lim
t1
η(t),
η(t) =
∫t
0 c1
[
x˙1(τ ) − x˙2(τ )
]2
dτ +∑Pp=1 	p∫T
0 f (τ ) x˙1(τ )dτ
× 100
(5)
where η(t) is the percentage of the shock energy
dissipated up to time instant t  T ; 	p,p = 1, . . . ,P,
represents the amount of energy dissipated during the
pth VI and P is the number of VIs that occur during the
decaying motion up to time instant t . It follows that
the EDM ηt1 is an approximation of the asymptotic
limit of the time-varying measure η(t) over the total
duration of decaying motion of the system.
A series of parametric studies is performed by fix-
ing the following parameters of the system, m = 1,
ω2n = 1, λ = λ1 = 0.1, A = 10, T = 0.1(2π/ωn), rc = 0.6,
and varying the mass ratio of the VI attachment ε, the
coupling frequency squared 2, and the clearance e.
Figure 2 depicts the contour plots of the EDM ηt1 for
fixed clearance and varying mass ratios and coupling
frequency squared, whereas Fig. 3 presents the corre-
sponding contour plot for the linear system (e.g. when
no VIs occur for e ≈ 2.0). Considering first the perfor-
mance of the linear attachment (cf. Fig. 3), it is noted
that the EDM reaches high values (reaching a maxi-
mum of 73.9 per cent) on a narrow zone, correspond-
ing to the linear resonance of the attachment with the
primary system. Away from this zone, the EDM dete-
riorates to <50 per cent. This is expected, as the effec-
tiveness of the linear attachment as shock absorber
is narrowband and, as a result, its performance dete-
riorates away from the condition of linear resonance
with the primary system. In contrast, the performance
of the VI attachment is broadband [19, 20], so that its
Fig. 2 Contour plots of the EDM ηt1 for varying 2 and ε: (a) e = 0.25, (b) e = 1.00, (c) e = 1.25,
and (d) e = 1.50
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Fig. 3 Contour plots of the EDM ηt1 for the linear system (no VIs for e ≈ 2.0) and varying 2 and ε
effectiveness to passively absorb and dissipate shock
energy extends over wider parameter ranges.
With respect to the performance of the VI shock
absorber (cf. Fig. 2), the existence of two regions in
each of the EDM contour plots, corresponding to weak
and stiff coupling frequencies  compared with the
grounding frequency ωn of the primary system, is
deduced. In the region of weak coupling frequency,
an increase in the clearance of up to the value of 1.25
results in an increase in the EDM; however, further
increase in the clearance results in the deterioration
of the EDM values in that region of the contour plot.
In contrast, in the region of stiff coupling frequency,
an increase in the clearance results in an increase in
the EDM and hence the effectiveness of the VI attach-
ment. Moreover, for large values of the clearance, the
EDM contour plot of the VI system tends to that of the
corresponding linear plot.
Clearly, the occurrence and number of VIs affect
significantly the effectiveness of vibration absorption
and dissipation by the attachment. To study in more
detail the dependence of the EDM on the VIs, the
authors examined the differences in the EDM con-
tour plots between the VI and linear systems and
attempted to relate these differences to the num-
ber of VIs occurring in the corresponding non-linear
responses. In Fig. 4, representative results that address
this issue are presented; positive (negative) values
of the differences in EDM correspond to surplus
(deficit) of energy dissipated by the VI attachment
when compared with the linear one. Clearly, the VIs
play an important role in enhancing the EDM in the
non-linear system. By increasing the clearance, the
number of VIs diminishes, but this does not neces-
sarily imply that the effectiveness of the VI attachment
as shock isolator diminishes as well. For example, for
e = 0.25 (not shown in Fig. 4), although the num-
ber of VIs is of the order of 6000, the effectiveness of
the VI attachment is not significantly enhanced com-
pared with cases with larger clearances (cf. Fig. 3); for
e = 1.50, there occurs at most three VIs (and in most
of the contour plot of Fig. 4(b), no VIs occur), yet the
VI attachment attains as much as 18 per cent better
EDM efficiency compared with the linear absorber in
these regions. Of course, in regions where noVIs occur,
the performance of the attachment converges to that
of the linear absorber. It follows that efficient shock
absorption efficiency from the VI attachment can be
achieved even by a relatively small number of total
VIs.
The previous findings can be interpreted by the
fact that in the two limits e → 0 and e ≈ 2, the two-
DOF system of Fig. 1 degenerates either to a linear
oscillator with mass equal to (m + μ), or to a lin-
ear oscillator with a linear vibration absorber. For
intermediate values of clearance and small coupling
frequencies squared 2, there exist extensive regions
in the parameter plane (2, ε) where the efficiency of
the VI attachment exceeds that of the linear absorber
by as much as 29 per cent, with an optimal value of
clearance e ≈ 1. In terms of absolute values of EDM,
for mass ratios in the range 0.2 < ε < 0.5, the EDM of
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Fig. 4 Difference of EDM contour plots between the VI and linear systems and corresponding
number of VI: (a) e = 0.50, (b) e = 1.00, (c) e = 1.50; positive (negative) values correspond
to surplus (deficit) of the energy dissipated by the VI system, compared with the linear one
the VI attachment attains values in the range 60 to 80
per cent, corresponding to a small number of total VIs
(from 2 to 6).
Figure 5 depicts the plot of the EDM ηt1 as a
function of clearance e for a VI attachment with small
coupling frequency 2 = 0.005 and mass ratio ε = 0.3.
It is noted that for this small value of coupling fre-
quency, for small values of clearance, there is a nearly
linear dependence of ηt1 on e. However, as the clear-
ance increases to moderate values, a saturation of
EDM is observed, leading to an optimal value of this
measure. A further increase in e results in deterioration
of EDM, until above a critical threshold no VIs can
occur, so the regime is linear and the EDM becomes
independent of the clearance; the constant level of
EDM attained above this threshold is determined by
the energy dissipated by the coupling viscous damper
c1 (cf. Fig. 1). It follows that there is a definite range
of clearance values, where VIs lead to enhancement of
EDM, e.g. above the energy dissipated by the coupling
viscous damper c1.
From the results of Figs 3 to 5, it is noted that for
small values of clearance, and in spite of the result-
ing relatively large total number of VIs, the shock
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Fig. 5 EDM as a function of clearance for2 = 0.005 and
ε = 0.3
absorption efficiency of the VI attachment may not
be satisfactory and even inferior to that of the linear
absorber.This can be inferred from the plots of Fig. 4(a)
corresponding to the small clearance e = 0.5, in which
for small values of coupling frequency and mass ratio,
the shock absorption efficiency of the VI attachment
is comparable with that of the linear absorber, in spite
of the large number of total VIs that occur at these
values (>13). This can be explained by noting that for
small clearances and mass ratios, the relative displace-
ments and velocities across the viscous damper c1 are
expected to be small so that small amounts of shock
energy are dissipated by the damper (these results
agree with the previous findings reported in refer-
ence [18]). In addition, if VIs initiate immediately after
or even during the application of the external shock,
for small mass ratios, the attachment is prevented from
attaining sufficient acceleration and velocity, and as a
result, the amount of shock energy dissipated due to
VIs may be small even if a large number of VIs occur.
From the plots of Fig. 4(a) it is found that by increasing
the mass ratio, the EDM also increases and the regions
of intensive VIs coincide with that of enhanced shock
absorption efficiency.
A general conclusion from the results reported in
this section is that superior shock absorption effi-
ciency of the VI attachment compared with the linear
absorber is attained for intermediate values of the
clearance (e.g. away from the two limiting linear sys-
tems corresponding to zero of large clearance), small
coupling frequencies, and large mass ratios. Moreover,
high shock absorption efficiencies may be attained for
even a small total number of VIs, provided that condi-
tions for sufficient momentum and energy exchanges
between the linear oscillator and the attachment
during VIs are met.
Figure 6 shows some representative time series of
the system components in order to demonstrate the
effect of passive shock absorption to the response. In
Figure 6(a), the responses of the linear oscillator and
the linear attachment (vibration absorber) for 2 =
Fig. 6 Transient responses of the system with
2 = 0.005 and ε = 0.3: (a) case of linear
absorber and (b) VI attachment with e = 1.0
0.005 and ε = 0.30, and large clearance are shown so
that no VIs occur; Fig. 6(b) presents the corresponding
plots for clearance e = 1.0. From the plot of Fig. 5, it is
seen that EDM attained by the VI attachment is near
70 per cent and optimal for the parameter values con-
sidered. Apart from the rapid decay of the response
of the primary system due to passive shock absorp-
tion by the VI attachment, the maximum amplitude
of vibration of the primary system reduces by nearly
17 per cent, compared with the corresponding value
of the system with the linear absorber attached.
In the next section, the problem of reducing the
maximum amplitude of vibration of a system under
shock, through the use of VI attachments, is examined
further. This is performed by considering non-linear
shock spectra and comparing the action of the VI
attachments with classical linear absorbers.
3 SHOCK ISOLATION BYMEANSOFVI
ATTACHMENTS
Consider the system shown in Fig. 7(a) of a two-DOF
linear primary system with a VI attachment. The mass
m represents a structure resting on an elastic founda-
tion of mass m3. A shock in the half-sine form (1) is
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Fig. 7 Structure on foundation with VI attachment: (a)
system configuration and (b) spectra of maxi-
mum normalized transmitted force to the ground
as a function of non-dimensional frequency ratio
applied to the structure and the shock isolation pro-
vided by the VI attachment is studied and the results
of alternative linear designs compared. The computa-
tional study is performed for the following parameter
values: m = 1, m3/m = 5, ω23 = k3/m3, ω2n = k/m =
5,λ = c/m = 0.1,λ1 = c1/m = 0.1,λ3 = c3/m3 = 0.1ω3,
e = 0.6, A = 10, k1 = 0.005, rc = 0.6, μ = 0.35, and
T = 0.2π .
Figure 7(b) shows the shock spectrum of the sys-
tem with VI attachment. For comparison purposes,
the non-linear spectrum is compared with the corre-
sponding spectra of two limiting linear systems: the
system obtained in the limit of infinite clearance with
no VIs (e.g. the primary system attached to a linear
vibration absorber) and the system obtained in the
limit of zero attachment mass (e.g. the primary sys-
tem with no attachment). For each plot, maximum
normalized forced transmitted to the ground, FˆTrans =
max{c3x˙3 + m3ω23x3}/(Jω3), as a function of the non-
dimensional frequency ratio (ω3/ωn) is depicted. The
parameter J in the denominator of FˆTrans represents the
shock impulse defined by
J =
∫T
0
F (t)dt (6)
From the results depicted in Fig. 7(b), it is inferred
that the VI attachment results in significant reduction
of the normalized transmitted force, which in the
resonance region ω3 ≈ ωn is as much as 40 per cent
compared with the case with no attachment and
32 per cent compared with the case when a linear
absorber is attached. Moreover, the VI attachment
eliminates the resonance response of the system and
provides effective shock isolation over a wide range
of frequencies. Hence, in contrast to the narrowband
action of the linear vibration absorber, the VI attach-
ment provides effective broadband shock isolation.
Figure 8 shows the response x3 of the base for the case
of resonance ω3/ωn = 1 and for all three configurations
discussed previously. The significant suppression of
the maximum response of the system with VI attach-
ment, as well as the suppression of the other peaks
of the response and the rapid decay of the transient
motion, is noted.
The second system considered is depicted in
Fig. 9(a), in which the transition of shock-induced
vibrations to a sensitive component (denoted by the
mass m3) that is connected to the mass of the pri-
mary mass m is studied. A VI attachment is connected
to the primary system that is also excited by the
half-sine shock (1). The shock isolation study is per-
formed for the following parameter values: m = 1,
m3/m = 0.01, ω23 = k3/m3, ω2n = k/m = 5, λ = c/m =
0.1, λ1 = c1/m = 0.1, λ3 = c3/m3 = 0.1ω3, e = 0.6, A =
10, k1 = 0.005, rc = 0.6, μ = 0.35, and T = 0.2π.
In Fig. 9, the authors depict the non-linear shock
spectrum of the system with VI attachment and com-
pare it with the two linear spectra, corresponding
to systems with no and linear attachments, respec-
tively. These spectra are computed by depicting the
maximum normalized acceleration of the sensitive
component G = max {x¨3/ (u˙mω3)} as a function of the
non-dimensional ratio (ω3/ωn). The velocity u˙m in
Fig. 8 Transient response x3 of the foundation under
conditions of linear resonance ω3/ωn = 1
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Fig. 9 Structure with sensitive component and VI
attachment: (a) system configuration and (b)
spectra of maximum normalized acceleration
of the sensitive component as a function of
non-dimensional frequency ratio
the denominator of G is computed by the following
relation
u˙m = Jm , J =
∫T
0
F (t) dt (7)
It is concluded that the VI attachment provides effec-
tive shock isolation of the sensitive component over a
wide range of frequency ratios by significantly reduc-
ing the maximum normalized acceleration G; in the
critical resonance region ω3 ≈ ωn, the acceleration
reduction provided by the VI attachment reaches lev-
els of 60 per cent compared with the linear system
with no attachment and 52 per cent compared with the
system with linear vibration absorber attached. More-
over, as in the previous application, the VI attachment
drastically reduces the resonance observed in the lin-
ear shock spectra. Figure 10 shows the displacement
of the sensitive component x3 for the three systems
considered in this case under conditions of linear
resonance ω3/ωn = 1. The drastic reduction in the
vibration because of the action of the VI attachment
is observed.
To study the robustness of the shock isolation per-
formance of the VI non-linear energy sink (NES),
Fig. 10 Transient response x3 of the sensitive com-
ponent under conditions of linear resonance
ω3/ωn = 1
an additional series of numerical simulations is per-
formed, where for fixed impulsive excitation (A = 10,
T = 0.2π) and linear system parameters as defined
earlier, the authors varied the parameters of theVI NES
and computed shock spectra similar to that depicted
in Figure 9(b); these non-linear spectra are compared
with the ones of the corresponding linear systems
with infinite clearance (e.g. the systems with linear
absorbers attached) in order to judge the effect that
VIs have on the shock isolation. In each of these plots,
the system parameters that are not varied are assigned
the numerical values mentioned earlier.The results are
depicted in Fig. 11.
Figure 11(a) presents the comparison between the
non-linear and linear spectra for five values of VI
NES mass, μ = 0.1, 0.2, 0.35, 0.4, and 0.5, keeping all
other NES parameters fixed. It is noted that when the
mass of the VI NES increases there is better relative
performance of the VI NES compared to the linear
absorber; therefore, it is concluded that the mass of
the VI NES is an important parameter for shock iso-
lation (this was to be expected, since as mentioned
previously, the mass of the VI NES affects the momen-
tum exchange with the linear oscillator during VIs).
Figure 11(b) shows the effect of varying the clearance
e on shock isolation by considering non-linear spec-
tra for four different clearances, e = 0.1, 0.2, 0.4, and
0.6 and all other NES parameters fixed. For decreasing
clearance, the linear and non-linear spectra converge,
with better performance of the VI NES being real-
ized for larger clearances. From Fig. 11(c), the effect
of varying the viscous damping coefficient of the VI
NES is examined, considering λ1 = 0.01, 0.05, 0.2, 0.3,
and 0.4. From these results, it is concluded that the
variation of viscous damping of the VI NES does not
affect significantly its effectiveness. Similarly, addi-
tional simulations (data not shown) showed that the
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Fig. 11 Parametric study of shock spectra of maximum normalized acceleration of the sensitive
component as a function of ω3/ωn. (a) The VI NES mass μ; (b) the clearance e; (c) the
VI NES viscous damping λ1; and (d) the restoring stiffness k1; for comparison, the cor-
responding linear spectra of systems with infinite clearances (e.g. with linear vibration
absorbers attached) are also depicted
variation of the coefficient of restitution of the VIs
from the value rc = 0.6 has a marginal effect on the
performance of the VI NES. Finally, in Fig. 11(d), the
effect of the restoring linear stiffness k1 of the VI
NES is studied by considering five different values:
k1 = 5 × 10−3, 1 × 10−2, 0.1, 0.5, and 1.0. By comparing
the non-linear shock spectra with the corresponding
linear ones, it is noted that there is robustness of shock
elimination within the examined range of stiffness val-
ues. By further increasing the stiffness (k1 > 5.0), no
VIs occur and the response of the system becomes
purely linear. The results presented in Fig. 11 demon-
strate the robustness of the shock isolation provided
by the VI NES for changes of its parameters.
4 CONCLUDING REMARKS
Alternative configurations of linear primary systems
with VI attachments are studied. It is shown that
these attachments, when properly designed, can act as
effective shock isolators, providing significant reduc-
tion of maximum responses of subcomponents of the
primary systems over a wide range of frequencies.
Moreover, the numerical simulations considered in
this work indicate that a properly designed VI attach-
ment can provide better shock protection than the
classical linear vibration absorbers of identical mass.
Of course, a more complete study needs to be per-
formed to extend this finding in a more wide range of
applications.
In the design of a VI attachment as shock isolator,
important design parameters are its clearance, cou-
pling stiffness, and mass. The parametric studies per-
formed in this work indicate that, depending on the
application and the form of the applied shock, there is
a range of clearances for which effective shock energy
absorption and dissipation occur; outside this range,
smaller or larger clearances result in the deterioration
of shock absorption, as the VI attachment approaches
linear limiting systems. Moreover, better energy dissi-
pation results due to VIs are obtained for weak values
of the coupling stiffness and relatively large values of
mass, compared with the mass of the primary system.
Of course, these conclusions concern only the system
configurations studied in this work, but they are in
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agreement with findings of previous works in which
VI attachments were employed in seismic mitigation
designs [19, 20].
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